One-Dimensional Theory of the Quantum Hall System 
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We consider the lowest Landau level on a torus as a function of its circumference L\. When 
Li — > 0, the ground state at general rational filling fraction is a crystal with a gap — a Tao-Thouless 
state. For filling fractions v — p/(2pm + 1), these states are the limits of Laughlin's or Jain's wave 
functions describing the gapped quantum Hall states when Li — » oo. For the half-filled Landau 
level, there is a transition to a Fermi sea of non-interacting neutral dipoles, or rather to a Luttinger 
liquid modification thereof, at L\ ~ 5 magnetic lengths. This state is a version of the Rezayi-Read 
state, and develops continuously into the state that is believed to describe the observed metallic 
phase as L\ — * oo. Furthermore, the effective Landau level structure that emerges within the lowest 
Landau level follows from the magnetic symmetries. 

PACS numbers: 73.43. Cd, 71.10.Pm, 75.10.Pq 



Laughlin's [l| and Jain's Q wave functions for the 
fractional quantum Hall states and Jain's radical inter- 
pretation of these in terms of non-interacting particles 
("composite fermions") @, whereby the fractional quan- 
tum Hall effect becomes an integer effect of composite 
fermions in a reduced magnetic field have been extremely 
successful. Mean field theories of the Chern-Simons type, 
where the external magnetic flux is (partially) cancelled 
by a smeared statistical flux, have been developed 
The half-filled Landau level is supposedly mapped onto 
free particles in no magnetic field. The mean field theory 
of this state, due to Halperin, Lee and Read [5], predicted 
a Fermi momentum and a momentum dependence in the 
conductivity that was confirmed by the surface acous- 
tic wave experiments by Willett et al 6]. Furthermore, 
ballistic transport showed particles moving in agreement 
with the composite fermion prediction Q . The theory of 
the half-filled Landau level was further developed by sev- 
eral groups and a description in terms of neutral dipoles 
was proposed 0|. Exact diagonalization of small sys- 
tems not only supports the correctness of Laughlin's and 
Jain's wave functions, but also indicate an emerging Lan- 
dau level structure within the lowest Landau level, in the 
sense that the low energy states of the interacting elec- 
tron system resemble the states for free fermions in a 
reduced magnetic field. 

In spite of the spectacular success of the description of 
the quantum Hall system in terms of composite fermions, 
a sound theoretical foundation for them is, in our opinion, 
still lacking U|. Although they were motivated by the 
form of Laughlin's and Jain's wave functions it has not 
been possible to make this connection precise. 

We recently obtained an exact solution describing the 
interacting electron gas in the half-fillled lowest Landau 
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level on a thin torus The ground state, which is ho- 
mogeneous, is a filled Fermi sea of non-interacting neu- 
tral dipoles and the excitations are gapless. In this Let- 
ter we identify this ground state with the Rezayi-Read 
state and conclude that the exact solution develops 
continuously, without a phase transition, into the two- 
dimensional bulk state. 

For spin-polarized electrons at a generic filling frac- 
tion v = p/q < 1, we find that the ground state is a 
regular lattice of electrons determined by electrostatics 
alone when L\ — > 0, L\ being the (short) circumference 
of the torus. This crystal has a gap — the lattice is rigid 
and there are no phonons. For v = 1/q this state is 
the Tao-Thouless (TT) state 0] with one electron on 
every q:th site, and for odd q it develops continuously, 
remaining the ground state for a short-range interaction, 
into the Laughlin state as Li — > oo [lj]. We call these 
gapped crystals TT states for general v = p/q. The TT 
state has, in spite of being spatially inhomogeneous, the 
same (magnetic) symmetries as the homogeneous Laugh- 
lin state, it also has excitations with the same fractional 
charge. At v = pj (2pm+l) we find that the TT states are 
the L\ — ► limits of the Jain states, and the fractionally 
charged excitations are domain walls separating degener- 
ate ground states. We suggest that the gapped quantum 
Hall states in general develop continuously from the TT 
ground states to the bulk states as L\ — > oo. However, for 
v = 1/2, we find a phase transition at L\ w 5.3 magnetic 
lengths to the gapless system of neutral dipoles, or rather 
to a Luttinger liquid modification thereof, which then de- 
velops continuously into the bulk state as L\ —>> oo. Tran- 
sitions from the small L\ TT state to other states may 
occur as L\ increases. For example, at v = 1/q, q odd 
and lar ge o ne expects a transition to a gapless Wigner 
crystal [1J|- We conclude that L\ is a parameter of a 
controlled and systematic expansion around a solvable 
case — the thin torus, or equivalently, a short range spin 
chain. 

We show that the degeneracy of the quasiparticle states 
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at v = p/ (2pm + 1), and the effective Landau level struc- 
ture that is observed to emerge in the lowest Landau 
level, is a consequence of the q-fold degeneracy of the 
states at filling factor v = p/q [l||, ie it is a consequence 
of the magnetic translation symmetries. We relate this 
to the composite fermion interpretation. 

We introduce the one-dimensional model by briefly dis- 
cussing the lowest Landau level on a torus with lengths 
L\,L 2 in the x and y-directions respectively (Tfll. Il^: 
we use units where h = c/eB = 1. In Landau gauge, 
A = -Byx, the magnetic translation operators t a ,a = 1,2 
that translate an electron a distance L a /N s in the in- 
direction are h = e ^/ N ^ d ", t 2 = e ^/ N ^ d y +lx \ where 
N s = L 1 L 2 /(2ir) is the number of flux quanta through 
the surface. The states ipk = t 2 ipo, k — 0, 1,...N S — 1, 
where ip = tt^^L' 1 ' 2 e ™L 2 x e -( y +nL 2 f /2 ^ ig a ba . 
sis in the lowest Landau level. Vfe is located along 
the line y = —2nk/Li and is a t\ eigenstate, t\ij)k = 
e l27Tk / Na ipk- Letting c\. create an electron in state , 
{ck,c m } = 8km, maps the lowest Landau level onto 
a one-dimensional lattice model with lattice constant 
2-k/Li. An iV-particle state is characterized by the 
positions {k\, k 2 , ...fejv} of the particles. The general 
translationally invariant two-body Hamiltonian becomes 
H = J2 n J2k> m v kmci +m c f n+k c n+k+m c n , where V km = 
Vk,- m > 0. Vkm is the amplitude for two electrons sepa- 
rated k — m lattice constants to hop symmetrically to a 
separation k + m lattice constants. In particular, Vko de- 
scribe the electrostatic repulsion (including the exchange 
interaction). For a given real space interaction V(r), the 
interaction is dominated by the terms with small k, m 
as the torus becomes thin (Li — > 0) since the lattice 
constant 2tt/Li — > 00. In the two-dimensional limit, 
Li — » 00, the range of the interaction measured in terms 
of lattice constants goes to infinity. 

Consider the electron gas at filling fraction v = p/q, 
where p and q are relatively prime integers and the num- 
ber of electrons, N e = N s p/q, is an integer. The op- 
erators T a = Yli " tia i (*«» translates electron i) com- 
mute with H and, since T^ s = 1, the eigenvalues are 
e 2*iK a /N %Ka = o,..JV a - 1. {H,Ti,Tg} is a maxi- 
mally commuting set of operators. T 2 changes K\ by 
N e and leaves the energy unchanged. Hence, each en- 
ergy eigenstate is g-fold degenerate and we choose to 
characterize it by the smallest K\. Thus, the energy 
eigenstates are characterized by a two-dimensional vec- 
tor K a = 0,...,N s /q-l 

At v — 1/2, we obtained an exact mapping of the low 
energy sector onto free neutral fermions (dipoles) for the 
short range interaction Vkm = V k * m with non-vanishing 
elements V 2 \, V{ = 2V 20 0. The ground state is a 
homogeneous one-dimensional Fermi sea of these neutral 
dipoles and the excitations are gapless particle-hole ex- 
citations out of this sea (when N e — > 00). V k * m is a 
good approximation to a real space short-range repulsion 
for L\ ~ 5. A renormalization group argument showed 
that the ground state develops into an interacting Lut- 



tinger liquid near V k * m . Based on the similarity of the 
obtained state to what is expected for the bulk system — 
a homogeneous gapless ground state made out of free 
neutral dipoles — we conjectured that this state develops 
continuously, without a phase transition, to the bulk two- 
dimensional state as L\ —> 00. 

To investigate this conjecture we have performed exact 
diagonalization of up to N e — 10 electrons for various 
Li using an unscreened Coulomb interaction. A typical 
phase diagram is shown in Fig. 1. Independent of N e , 
we find that the ground state is the TT state 01010101.... 
for < L\ < 5.3. At L\ w 5.3 there is a sharp transition 
to a state that we identify as the ground state of the 
solvable model V km by comparing the quantum numbers 
and calculating the overlap. When L\ increases further, 
a series of transitions to new states occurs. The number 
and position of these transitions, which are very smooth 
compared to the one at L\ w 5.3, depend on N e . 
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Figure 1: Phase diagram for v = 1/2 obtained in exact di- 
agonalization for 9 electrons with Coulomb interaction. For 
L\ < 5.3 the state is 101010... as indicated, whereas for 
Li > 5.3 the number gives the overlap with the Rezayi-Read 
state with the displayed Fermi sea of momenta ki,- the vari- 
ation of the overlap is small within each region. The quan- 
tum numbers (K\,K-£) are shown below each Fermi sea. (The 
phase diagram is symmetric about L\ = L2 = v 4ftNe)- 

The bulk v = 1/2 state is believed to be described by 
the Rezayi-Read wave function which on the torus 
takes the form 117ft 



*flfl = det ij [e^ R ^]*i 



(1) 



where R ix = (2i:/L 1 )(x i -id Vi ), R iy = {2n / L 2 )id Xz , and 
^1 is the bosonic Laughlin state at v = 1/2. This wave 
function depends on a set of "momenta" {k^}, which de- 
termine the conserved quantum numbers K a — J2i kia ■ 
For each ground state we obtained by exact diagonaliza- 
tion for L\ > 5.3 and odd N e < 9 we found a choice 
of {ki} such that the overlap between the ground state 
and this Rezayi-Read state is close to one [24]. Moreover, 
the "Fermi sea" of momenta {k^} develops in a system- 
atic way from an elongated sea to a "circular" one as L\ 
increases, as is shown in Fig. 1 for iV e = 9. 

Our interpretation of this is that the state obtained 
for V km does indeed develop continuously into the bulk 
state as L\ — > 00 without any phase transition. The 
level crossings observed for Lj > 5.3 are to similar states. 
Note that the bulk two-dimensional state is expected to 
be gapless, thus level crossings may occur when the ther- 
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modynamic limit is taken. An interesting question con- 
cerns the dimensionality of the system. For L\ slightly 
larger than 5.3 and L 2 — > oo the system is a Luttinger liq- 
uid, ie a one-dimensional gapless state. This is described 
by the Rezayi-Read wave function with momenta form- 
ing an elongated Fermi sea. When L\ increases these 
momenta change gradually — only one k 4 changes at each 
level crossing as in Fig. 1. This strongly suggests that the 
state remains gapless (for L\ finite, L 2 — > oo), in which 
case it should still be a Luttinger liquid. The question is 
what happens when L\ — > oo. Does the state remain a 
Luttinger liquid or does it become a free two-dimensional 
Fermi gas as the standard composite fermion theory pre- 
dicts? 

We now consider general rational filling fractions in 
the lowest Landau level. When L\ — > 0, the hopping 
terms in the interaction vanish exponentially and only the 
electrostatic terms Vko remain The eigenstates are 
then states with fixed charges. For a reasonable repulsive 
interaction such as the Coulomb interaction, the ground 
state is a crystal, the TT state, that separates the charges 
as much as possible and there is a gap to excitations. 
For example, for the Jain fraction v — pj(2pm + 1), the 
unit cell of the TT state is 102 m (102m-i) J >-i, in obvious 
chemical notation, whereas for v = I /2m it is 10 2m _i. 
For v = 1 /(2m + 1), the TT state is the limit of the 
Laughlin state as mentioned above, whereas for v = 1/2 
it is the ground state for L\ < 5.3 [ijj], see Fig. 1. 

Generalizing Rezayi and Haldane [lH [. we consider 
the L\ — » limit of the Jain state at filling frac- 
tion v — p/(2pm + 1). On the cylinder it takes the 
form vR p = V L LL<5> P J 2m e~^y 2 / 2 , where Vlll de- 
notes projection onto the lowest Landau level, <J> p is p 
filled Landau levels and J is the Jastrow factor J = 
n, <J (e 2 " 2 ' /il _ e 27ri Zj /£i) Expanding V 2p ? +1 as 

a power series in e 27 " Zi / Ll and expressing the result 
in terms of the single-particle wave functions tpk — 
7r -i/4 jL -i/2 e 2 7 rifc z /i le -y 2 /2 e -27r 2 / : 2 /i? ne reads off the 
states {fci, ^2, ...fcjv} in the particle number basis on the 
one-dimensional lattice and finds that they are multi- 
plied by the factor e Ei( 27rfe ./ L i)"/2_ vp P consists of a 

set of states, which all have the same K\ — J2% &»i and 
when Li — * the component with largest J2i M dom- 
inates. We find that ^ e _ approaches the TT state 

with unit cell 102 m (102 m -i)p-i- For example, the se- 
quence of states that approaches v — 1/2 from below 
have unit cells: 100,10010,1001010,100101010,.... These 
limits of the Jain states are identical to the states de- 
termined by the electrostatic repulsion on the thin torus 
above. Thus we conclude that the Jain states are the 
ground states on a thin torus. It is only for the Laughlin 
states with a short-range interaction that it is established 
that no phase transition occurs as a function of L\ [lflj . 
However, it seems likely that this is true for Jain states 
as well. This is supported by exact diagonalization: We 
have considered all v = p/q < 1 with q < 11 and find, for 
Coulomb interaction, a transition if and only if q is even. 



At v = p/(2p + 1), electrostatics and hopping 
cooperate — the TT ground state for small L\ minimizes 
the electrostatic repulsion and is a very "hoppable" state 
in the sense that V21 generates many states when act- 
ing repeatedly on it. There is no phase transition as Li 
grows. At v = 1/2, on the other hand, the TT ground 
state at small L\ is annihilated by V21. Electrostatics 
and hopping compete, leading to a phase transition as 
Li grows. 

The fractional quantum Hall state has excitations with 
fractional charge. In the L\ — > limit, the quasihole 
(quasielectron) at v — pj (2pm+l) is created by removing 
(inserting) 102 m -i somewhere in the TT state with unit 
cell 102m(102m-i) P -i (13 . These quasiparticle states, 
which can be interpreted as domain walls separating de- 
generate ground states, are the L\ — s- limits of those 
obtained by moving a composite fermion from a filled to 
an empty Landau level Q- The charge of the excitations 
can be read off directly in the L\ — > limit using Schri- 
effer's counting argument (23: Removing 2pm + 1 widely 
separated 102m-i and adding 2m unit cells to keep the 
number of sites unchanged creates 2pm + 1 quasiholes, 
each with charge e* — e((2pm + 1) — 2mp)/(2pm + 1) = 
e/(2pm + 1). 

We conclude that the TT states at small L\ are lim- 
its of quantum Hall states for all the Jain fractions 
and suggest that this is the case also for more gen- 
eral gapped quantum Hall states. An example of such 
are the recently observed minima in R xx at fractions 
v = 5/13,3/8,4/11,6/17 in the interval [1/3,2/5] HU. 
The L\ — > ground state unit cells at these fractions 
are (10 2 ) 2 1010 2 10 and 10(10 2 ) P -i, p = 3,4,6. For 3/8 
we find transitions as L\ increases, whereas no transition 
is found for 4/11, indicating that the former is gapless 
while the latter is gapped. 

We now show that an effective Landau level structure 
emerges within the lowest Landau level on the torus as 
a consequence of symmetry. Consider filling factor v = 
pj (2pm+ 1) with N e — pN electrons. N is the number of 
unit cells in the TT ground state when L\ — > 0. Imagine 
creating a quasielectron by inserting 10 2rrl _i somewhere 
in the TT state. There are N degenerate orthogonal 
quasielectron states, ie one per unit cell [23|. At the new 
filling factor v = (pN +l)/((2pm + l)N + 2m), the center 
of mass degeneracy of any state is (2pm + l)N + 2m [l5l |: 
subtracting the number of added sites 2m and dividing by 
the ground state degeneracy 2pm +1, gives the number of 
degenerate quasielectron states TV. Thus the degeneracy 
of the quasielectron state is a consequence of symmetry 
and hence holds for any L\ — provided the quasielectron 
is created by adding 2m sites and one electron. 

The N = N e /p degenerate quasielectron states at 
v = p/(2pm + 1), form, in composite fermion language, 
the p+ l:st composite fermion Landau level. Filling this, 
by adding N quasielectrons, gives v = (pN + N) j ({2pm+ 
1)N + 2mN) = (p+ l)/(2(p + l)m + 1), ie the next 
state in the Jain hierarchy. Hence this state can be in- 
terpreted as consisting of p + 1 filled composite fermion 
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Landau levels — if the p = 1 state is interpreted as a filled 
Landau level of lCbmj * e of electrons bound to 2m holes. 
Note however, that the process of successively creating 
quasielectrons by inserting 102 m -i also makes explicit, 
on the thin torus, the ori gina l hierarchy construction due 
to Haldane and Halperin 22]. Starting from the Laughlin 
state at v = l/(2m + 1) with unit cell 102m, this even- 
tually creates the v = 2 /(4m + 1) state with unit cell 
102 m 102m-i- Continuing the process of inserting 102m-i 
one successively obtains all the states v = p/(2pm + 1). 
Whereas the operation of inserting 102 m -i is unique and 
well-defined through this process, its interpretation de- 
pends on p: near v = p/(2pm + 1) it corresponds to 
creating a quasielectron with charge — e/(2pm+ 1). 

We have investigated a one-dimensional theory for the 
lowest Landau level and derived an emergent Landau 
level structure from symmetry. The theory has a di- 
mensionless parameter Li, and the two-dimensional bulk 
quantum Hall system is obtained when L\ — > oo. A one- 



dimensional formulation is natural, and in a sense obvi- 
ous, since a single Landau level is a one-dimensional sys- 
tem. What is non-trivial is that a one-dimensional lattice 
model with short-range interaction is useful. As L\ — > 0, 
the ground state at filling factor v — p/q is a gapped crys- 
tal, the TT state, determined by electrostatics alone. We 
have argued that for the Jain filling factors, and presum- 
ably also for more general odd q states, these TT states 
develop continuously to the quantum Hall states when 
L\ — ► oo. For v = 1/2, we found a phase transition to a 
Luttinger liquid of neutral dipoles (composite fermions) 
for small L\ and showed that this state develops con- 
tinuously to the metallic state as L\ — » oo. At other 
filling fractions, and also depending on the interaction, 
transitions to other states may occur. 

We thank Thors Hans Hansson for numerous valuable 
discussions. This work was supported by the Swedish 
Research Council and by NordForsk. 
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